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Abstract. In this article A-method of Mitrinovic-Vasic 1 is applied to improve 
the upper bound for the arc sin function of L. Zhu [4l . 



1. Inequalities of Shafer-Fink's type 

D. S. Mitrinovic in [1] considered the lower bound of the arc sin function, which 
belongs to R. E. Shafer. Namely, the following statement is true. 

Theorem 1.1 For < x < 1 the following inequalities are true: 

Zx 6(V1 + x - y/l - x) 

( 1 ) ; < , ; < arc sin x . 

2 + Vl-x 2 i + VTT^+V^x 

A. M. Fink proved the following statement in [5] . 

Theorem 1.2 For < x < 1 the following inequalities are true: 

3x . 7TX 

(2) < arcsmx < 



2 + Vl -x 2 ~ ~ 2 + ^1-x 2 

B. J. Malesevic proved the following statement in [3]. 
Theorem 1.3 For < x < 1 the following inequalities are true: 



TV 



/„n 3a; . 7r — 2 kx 

(3) <arcsina;< - — - < . 

2 + Vl-x 2 2 I - h x 2 2 + Vl-x 2 

7T-2 

The main result of the article [3] can be formulated with the next statement. 
Proposition 1.4 In the family of the functions: 

(4) Mx) = Tp7=^ (0<x<l), 

according to the parameter b > 0, the function f2{x) is the greatest lower bound of 
the arc sin x function and the function f2/(ir-2){x) is the least upper bound of the 
arc sin x function. 
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L. Zhu proved the following statement in [4]. 

Theorem 1.5 For x S [0, 1] the following inequalities are true: 



3x 6 (VI + x - Vl - x) 

< ■ ■ < arcsmi 



2 + Vl - X 2 4 + y/TTx + y/T^X 

(5) 



n(V2 + _)(vT+X - VT^) 

< 2 — < 



+ Z + y/l-X 2 + yJl-x 2 

In this article we further improve the upper bound of the arc sin function. Namely, 
in the next section we will give proof of the following theorem: 

Theorem 1.6 For 16 [0, 1] the following inequalities are true: 



3x 6(VTTx-VT^x) 

< , , < arc sin a; 



2 + Vl - x 2 A + ^l + x + y/l-x 
tt(2 - s/2) 



(6) " V2(4-n) 



yi + x-^/i - x ) 



y/l + x + yT 



7T - 2^2 

< , ; < , 

A + y/l + x + ^l-x 2 + Vl-x 2 

Remark 1.7 Using numerical method from [5] we have the following conclusions: 
1°. For values x S (0, 0.387 266 274 . . .) the following inequality is true: 



(7) arc sin x < — ~ ^ = ^ = < 



-^-=x 7r(V2+ + x-y/l-x) 



y/l _ ^2 4 + VI + X + % /T _r " 



7T - 2 

and /or values x £ (0.387 266 274 . . . , 1) the following inequality is true: 

7r( v / 2 + -)(VT+x- V^x) rr^x 
(8) arc sin a; < ■== < 



4 + Vl + x + \/l-x 2 | x 2' 

7T — 2 

Numerically determined constant c — 0.387 266 274 . . . is the unique number where 
the previous bounds have the same values over (0, 1). 

2°. For values x € (0, 1) the following inequality is true: 

^-^ {V TTx-VT—x) -L_ x 

(9) arc sin a; < < 



2sf2 



7T - 2 
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2. The main results 

In this article, using A-method of Mitrinovic-Vasic we give an analogous statement 
to Proposition II. 41 Let us notice that from inequality given by L. Zhu [4]: 

, . Q(y/T+X~ ~ y/l~ X) + -){y/T+X - y/T=x) 

(10) v —. . —. < arcsinx < , ; , 

4 + y/T+X + y/T^x ~ ~ 4+\/TT^+\/T^ 

for x € [0, 1], we can conclude that the function tp(x) = arc sin x has a lower bound 
and upper bound in the family of the functions: 



(11 *aA x ) = n , 3j== I 7 t= \0<x<1), 

p + v 1 + x + V 1 — X 

for some values of parameters a, (3 > 0. Next for x = it is true that $ a)/ g(0) = 0, 
for a, (3 > 0. On the other hand, for values x € (0, 1] it is true: 

(12) $ai,/3i(aj) > *a 2 ,ft( I ) a lfo ~ a 2pl > («2 - a 1 )(\/T+X + \/l-x), 

for ai.2,/3i,2 > 0. Let us apply A-method of Mitrinovic-Vasic on the considered 
two-parameters family <& a ^(x) in order to determine the bounds of the function 
<p{x) under the following conditions: 

(13) $ Oi/3 (0) = <p(0) and ^*«,/j(0) = ^v(0). 

It follows that a = /3 + 2. In that way we get one-parameter subfamily: 



(u) = Wa0 = {p +l ){ ^ x r£- x) (o<*<d, 

/3 + Vl + s + vl-a; 
according to the parameter j3 > 0. For that family the condition (fH{|) is true: 

(15) f p (0) = p(0) and ^(0) = ^(0). 

Additionally, we have: 

d 2 d 2 d 3 d 3 A- 6 

(16) -ZsfpiO) = -7^(0) and "/„(<)) = -^(0) ' 



dx 2 p dx 2 ' dx 3 PK ' dx 3 y ' 4(2+/?) 

and 

d* d A d 5 d 5 3(128 + 18/3- 13/3 2 ) 

< 17 > sf«°> = i^ (0) " d ^ / « (0) - i^ (0) + 16(2+ > 

Let us notice that for the family of the functions fp(x), on the basis of (fT2|) . for 
values £ £ (0, 1] the following equivalence is true: 

(18) fa(x) >/ ft (a:)<=>A </3 2 , 
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for (3\.2 > 0. Let us emphasize that there is a better upper bound fbi{x) than 
upper bound < E > 7r (y2+i/2) a( x ) °^ tne function ip(x) over (0,1]. It is true that the 
parameter /3 = b\ fulfils: 

(19) f bl (l) = < p (l) = l, 
hence: 

(20) b 1 = v ^( 4 ~^) = 3 876 452 527 .. . < 4. 

7T -2y/2 

Let us prove that the function (x) is the upper bound of the function tp(x) over 
[0, 1]. Let us define the function: 

(21) h(x) = f bl (x) - <p(x) 

for < x < 1. For the function /i(x) we introduce two substitutions x = cost 
(te [0, — ]) and t = 4arctgu (we [0,tg— ]) respectively, and we get a new function: 

/ x ,/ ,„ ^ \/2(6i + 2)(u 2 + 2m-1) TT a 

(22) m u = h cos(4 arc tg u ) = v ^ A — - - + 4 arc tg u 

(v2-oi)m^-2v2u-Oi-v2 2 

for < u < tg£ = V2-1. Then: 
8 

^-iu(m) = ((4fe2 + 2V26f-8fei-4V26i-8)M 4 +(-4V2fef+8V26i-32)M : 

(86f-166i-16)ti 2 + (-4V262+8V26i+32)u + 

(23) w 
(46 2 -2V2fe 2 -86i+4V26i-8)J / 

((u 2 + 1)(6iu 2 -V2u 2 + 2V2m+6i + V2) 2 ). 

All solutions of the equation — w(u) = are determined by terms: 

du 



(24) UlA 6 2 -2fe 1 + 2V2-4 



2V2T V- b t + 4& i + 4& i ~ 16& i 



«2,3 



= V2- 1 



or by numerical values: m = 0.0869 . . . , m 2 ,3 = 0.4142 . . . , u 4 = 0.8400 .... The 
function w(u) has local maximum at the point u\ and tu(0) = lu(v / 2— 1) = 0. Hence 
w(u) > for u e [0, V2-1]. Therefore the function: 

^-^(VTT^-VT^) 
(25) f 6l (x) = V2 

^ 4 -;) + vtt^ + vt-^ 
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is the upper bound of ip(x) over [0, 1]. Let us notice that, for values x £ (0, 1], on 
the basis (fT2"]) , the following inequalities are true: 



(26) <p(x) < fbtix) = $ 6l +2,6 1 (a;) < ^(VS+imA^- 

Let us prove that the function fb 1 (x) is the least upper bound of the function ip(x) 
from the family (fl"4|) . The following implication is true: 



(27) h<b =► /6(l)</fc(l) = ¥>(!) = £• 

Hence for b > b± the function fb{x) is not the upper bound for the function ip(x) over 
[0, 1]. According to the previous consideration we can conclude that the function 
fbi(x) is the least upper bound of the function tp(x) over [0, 1]. 

The lower bound of the function fi(x) of the function <p(x) over [0, 1], which belongs 
to R. E. Shafer, according to formulas Q150 - (fT7]) , has at x — the root of the fifth 
order. Let us prove that the function f±(x) is the greatest lower bound of the 
function <f(x) from the family (fl4)) . For fixed b <G (&i,4) let us define the function: 



a : x = 0, 

: xe(0 ,l] 



(28) g(x) = 
with the constant: 

(29) a = ^ ^£ = t > o. 

V ; 6 24(2 + 6) 

The function g(x) is continuous over [0, 1] and the following is true: 

(30) 5 (0) > and g(T) < 0. 

Therefore we can conclude that there is q, e (0,1) such that g(cb) = 0. Let us 
notice that g(Q) > and g(cb) — 0. Then, there is some point £(, € (0, Cb) such that 
g(£b)>0 (g€C[0, Cb]). This is sufficient for conclusion that, for each b € (&i,4),the 
function /&(x) is not the lower bound of the function ip(x) over [0, 1]. According to 
the previous consideration we can conclude that the function f^{x) is the greatest 
lower bound of the function <p(x) over [0, 1]. 

On the basis of the previous consideration the following statement is true. 
Proposition 2.1 In the family of the functions: 



(31) f b (x) = * b+2 , b (x) = {b+ h l ){ ^r^- X) (0<x< 1), 

according to the parameter b > 0, the function fi(x) is the greatest lower bound of 
the arcsinx function and the function / v ^(4_ Tr )/( 7r _2V^) ( x ) * s ^ e ^ eas ^ upP er bound 
of the arcsinx function. 
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Remark 2.2 Let us emphasize that Theorem 11.61 has been recently considered in 
[B] and [7j . In the article [7] a simple proof of Theorem 11.61 based on "L 'Hospital 
rule for monotonicity" is obtained. 
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